Abstract. Central configurations provide special solutions of the general nbody problem. Using the mutual distances between the n bodies as coordinates we study the bifurcations of the spatial central configurations of the 5-body problem going from the problem with equals masses to the 1+4-body problem which has one large mass and four infinitesimal equal masses. This study is made by giving a computer-aided proof.
1. Introduction and statement of results. Central configurations are important in the n-body problem because they allow to obtain the homographic solutions, those solutions of the n-body problem that can be described explicitly [22] . They play a main role in the topological changes of the integral manifolds [20] , and they are the limiting configurations either for colliding particles [10] or for parabolic total escape [18] .
We consider n particles of positive masses m i , i = 1, . . . , n moving in R 3 under their mutual Newtonian gravitational attraction. Let q i be the position vector of the ith particle relative to the center of mass, by Newton's law, the equations of motion are
where the potential is
Gm i m j q j − q i .
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A configuration (q 1 , . . . , q n ) is called central configuration, if for some constant λ, the following system of equations is satisfied λm i q i = ∂U ∂q i for i = 1, 2, . . . , n. Solutions to these equations can be interpreted as critical points of the potential U restricted to a fixed value of the moment of inertia
If the n bodies of a central configuration in R 3 are not contained in a plane, then we say that the central configuration is spatial.
In order to study the spatial central configurations of the 5-body problem we shall express the moment of inertia in terms of the mutual distances [4] r ij = ||q i − q j ||,
where M = m 1 + · · · + m n is the total mass of the system. The condition on the variables r ij , 1 ≤ i < j ≤ 5, in order to determine a configuration in R 3 and not in R 4 , is the vanishing of the Cayley's determinant , and then this restriction can be included through an extra Lagrange multiplier. In short, the spatial central configurations of the 5-body problem in the variables r ij , 1 ≤ i < j ≤ 5, can be studied by looking for the critical points of the potential U restricted to a set of points where the moment of inertia is constant I = I 0 and to F = 0; i.e. we must search for the critical points of the function V = U + vI + uF, restricted to I = I 0 and F = 0. Here, u and v are two Lagrange multipliers. Dziobek [4] , was the first in considering these kind of equations for the central configurations
The unknowns are the mutual distances r ij , 1 ≤ i < j ≤ 5, being ten in number, plus the two unknown Lagrange multipliers u and v, giving a total number of twelve unknowns. The number of equations obtained by taking the derivatives of V with respect to r ij is ten equations plus the two restrictions, giving also a total of twelve equations.
We remark that the main advantage of considering the mutual distances as variables is that the extremum problem stated above can be reduced to solve a polynomial system of equations.
The paper is structured as follows. In Sec. 2 we review the previous main contributions concerning central configurations and their bifurcations.
In Sec. 3 we summarize the classification given by Albouy and Llibre [1] of the spatial central configurations for the 1 + 4-body problem.
In Sec. 4 we present the results of Kotsireas and Lazard [8] on the spatial central configurations of the 5-body problem with equal masses. There we improve some results for the explicit computations of these central configurations, and confirm that the remaining possible symmetric spatial central configurations not studied in [8] does not provided new central configurations as they conjectured. We have used a distinct set of polynomial equations determining the spatial central configurations of that problem, and a different method of resolution.
Finally, in Sec. 5 we shall study the one-parameter bifurcations of the spatial central configurations of the 5-body problem occurring when starting from the 5-body problem with equal masses, and making four of them tend simultaneously to zero we end up with the 1+ 4 body problem. We have analyzed all possible one-parameter families.
2. On the bifurcations of central configurations. In this section we describe the bifurcations of central configurations studied until now.
Palmore [17] studied bifurcations arising in the planar n-body problem. He showed that some central configurations are degenerate in a certain sense, and that this allows bifurcations in planar central configurations.
Arenstorf [2] defined a restricted 4-body problem associated to each central configuration of the 3-body problem. He gave a complete analysis of the critical points for the potential of the restricted problem. He found that the potential corresponding to the Lagrange triangular configuration has a degenerate critical point for some values of the masses of the primaries.
Meyer and Schmidt [11] studied the central configuration of the 4-body problem formed by 3 bodies of equal masses in the vertices of an equilateral triangle and the fourth in its barycenter, and the central configuration of the 5-body problem formed by 4 bodies of equal masses in the vertices of a square and the fourth in its barycenter. They found that there was a unique value of the mass of the body located at the barycenter for which the potential becomes degenerate, and a bifurcation of central configuration takes place for such a value. They showed for the planar 4-body problem the existence of two isosceles families that bifurcate from the equilateral solution at the critical value, and the non-existence of nonsymmetric families. On the other hand, in [13] they studied the bifurcations of a one-parameter family of central configurations which consists of n − 1 particles of mass 1 at the vertices of a regular polygon and one particle of mass m at its barycenter. They also show that as n increases there are more and more values of the mass parameter m where the central configuration is degenerate and bifurcation occurs.
C. Simó [19] studied numerically the central configurations and their bifurcations for the planar 4-body problem.
Schmidt [21] considered the one-parameter family of central configurations consisting of four bodies of mass 1 at the vertices of a regular tetrahedron and a body of arbitrary mass m 5 at its barycenter. He showed that for m * 5 = (10368 + 1701 √ 6)/54952 a bifurcation of central configuration takes place. R. Moeckel [14] presented new results on the characterization of the non-collinear central configurations of the 4-body problem. He applied these results to study some bifurcations of central configurations.
More recently, Moeckel and Simó [15] considered central configurations in R 3 consisting of two regular n-gons, n ≥ 2, lying in horizontal planes, centered on a common vertical axis, and aligned so that the corresponding vertices lie in the same vertical half-plane. In this way they obtained spatial central configurations arbitrarily close to planar ones, thus they found bifurcation from planar to spatial central configuration.
3. Spatial central configurations of the 1 + 4-body problem. In this section we consider a limiting case of the spatial 5-body problem studied by Albouy and Llibre in [1] , where there is one particle of unit mass and four particles with equal infinitesimal masses, the so called 1 + 4 body problem. They showed that spatial central configurations of this problem always have at least one plane of symmetry. They studied the central configurations of the 1 + 4 body problem and found the following five classes (see the column on the right hand side of Fig. 1 ):
1) The four infinitesimal masses are at the vertices of a regular tetrahedron with the large mass at its barycenter.
2) The masses are at the vertices of a regular pyramid having a square base, where the infinitesimal masses are at the vertices of the square.
3) The four infinitesimal masses are at the vertices of a regular pyramid having a base formed by an equilateral triangle, the larger mass lies in the interior of the pyramid and on its axis of symmetry. 4) Three infinitesimal masses form an equilateral triangle. The other two masses are on the axis passing through the barycenter of the triangle and orthogonal to the plane defined by the triangle. These last two masses are separated by the plane defined by the triangle. 5) Two infinitesimal masses and the large mass form an isosceles triangle, the large mass is on the axis of symmetry of this triangle. The other two masses are on the axis passing through the barycenter of the triangle and orthogonal to the plane defined by the triangle. These last two masses are separated by the plane defined by the triangle. The proof of the existence of the first four classes of central configurations is analytical, and they are the unique having those symmetries. All the remaining central configurations must have the same symmetries that the one described in 5). These five central configuration were found numerically and there is numerical evidence that they are the only ones. So, the authors conjectured that these are all the central configurations modulo rotations and rescaling for the 1 + 4-body problem.
4. Central configurations for the spatial 5-body problem with equal masses. Faugére and Kotsireas [6] , and Kotsireas and Lazard [8] studied the central configurations of the spatial 5-body problem with equal masses. The first authors showed that a convex central configuration of this problem has always a plane of symmetry. We recall that a central configuration of 5-bodies is not convex, if at least one mass lies inside the convex hull of the other masses. For the moment a similar result for non convex central configurations does not exist.
Kotsireas and Lazard use the set of equations for the central configurations obtained by Albouy in order to obtain polynomial equations for the central configurations of the 5-body problem with equal masses. After, using Gröbner bases and assuming some symmetry for the central configurations they compute them.
In order to describe their results we need to give some definitions and notation. Let ∆ 1 , . . . , ∆ 5 be the oriented volumes of the five tetrahedra with vertices 
The other four oriented volumes of the tetrahedra are defined in a similar way. Any symmetry hypothesis on the configuration defined by five points in R 3 can be expressed as an equality between some of the ∆ i 's, and convenient equalities between the r ij 's. For example, a plane symmetry implies that at least two of the ∆ i are equal [7] . Their results can be summarized in the following four classes of central configurations for the 5-body problem with equal masses (see the column on the left hand side of The other two masses are on the axis passing through the barycenter of the triangle and orthogonal to the plane defined by the triangle. These last two masses are symmetric with respect to the plane defined by the triangle.
The unique symmetric case that they did not study in [8] is ∆ 1 = ∆ 2 and ∆ 3 = ∆ 4 = ∆ 5 ; i.e. the masses m 3 , m 4 and m 5 form an escalen triangle, and the masses m 1 and m 2 are symmetric with respect to the plane defined by this triangle. They conjectured that the 5-body problem with equal masses has no spatial central configurations of such type, and that it does not have non-symmetric spatial central configurations. In other words, they conjectured that the four described spatial central configurations are all the spatial central configurations of the 5-body problem with equal masses.
Assuming these five types of symmetry for the spatial central configurations of the 5-body problem with equal masses, we have computed again what are these central configurations. Our method has two main differences with the method used by Kotsireas and Lazard: (i) We use for the set of twelve equations in the variables r ij , for 1 ≤ i < j ≤ 5 described in the introduction to determining the central configurations. (ii) To solve our set of polynomial equations we use the resultant method instead of computing Gröbner bases, see the appendix A.
Our computations have been made with the help of the algebraic manipulator Mathematica. We have reproduced their results, and in what follows we provide explicit simple polynomials from which it is possible to compute the four classes K i of spatial central configurations: 
Actually, b
2 is a root of the following polynomial of degree 12 with integer coefficients:
Also, we have solved with the resultant method our polynomial system for the spatial central configurations under the assumptions ∆ 1 = ∆ 2 and ∆ 3 = ∆ 4 = ∆ 5 , and we did not find any new central configuration. So, if there are new spatial central configurations for the 5-body problem with equal masses, these must be non-symmetric.
5. The analytic continuation. In this section we describe the method used to follow numerically the central configurations K i , i = 1, 2, 3, 4 embedded in a convenient one-parameter family of central configurations.
The equations for the spatial central configurations of the 5-body problem with moment of inertia I 0 = 1/2 are If at the solution (x * , m * ) of system e(x, m) = 0 the determinant ∆(x * , m * ) = 0, then we compute the null space of the matrix
, and find a basis for it, say x k , k = 1, . . . , r. For each element of this basis we use Euler method as a predictor and look for a solution of the system e(x, m) = 0 with x near x * +λx k , and m near m * +δdm for λ and δ small, positive or negative, where dm > 0 is the last decreasing step size used when the continuation was possible. If the continuation is possible for m * + δdm, we say that a folding bifurcation occurs, and we continue the solution by increasing or decreasing the values of m. If the null space has dimension one, we speak of a simple folding. Several types of folding bifurcations are possible but in our problem we only have observed a unique simple folding bifurcation.
Our results show that the continuation is possible for all starting K i , from m = 1 to m ≈ 0, except for K 1 with unit mass fixed at one of the vertices and for K 3 with unit mass fixed at the vertex which is not in the equilateral base. Actually, these two one-parameter families are connected by a simple curve having a simple folding bifurcation at the value m * ≈ 0.9412... Fig. 1 summarizes all possible bifurcations up to a permutation of symmetrical masses. Thus, for example, configuration K 1 can be embedded in two distinct ways in one-parameter families: first, by fixing to one the mass at the barycenter, and secondly by fixing to one the mass of one vertex. Both one-parameter families are shown as emanating from K 1 on the top left hand side of Fig. 1 . One family ends at the regular tetrahedron with unit mass at the barycenter and infinitesimal masses at the vertices. The other family connects with K 3 as it has been discussed before. The rest of the connecting curves in Fig. 1 can be interpreted in a similar way. In [5] N. Fayçal prove that K 2 is a constant configuration when the mass of particle at the top of the pyramid is changed, we have rediscovered this result.
In Fig. 2 it is shown the behavior of the determinant ∆(x, m) as a function of the mass parameter m when we start at the spatial central configuration K 1 (see the right hand side of the lower part of the curve in Fig. 2 ) and embed it in the one-parameter family, where the mass m 3 = 1, and the others masses are equal to m, using the notation of Fig. 1 . The curve ends at the spatial central configuration K 3 and shows a simple folding bifurcation with respect to the parameter m at m * ≈ 0.9412.. In all other seven possibilities of starting the one-parameter family in spatial central configurations of the 5-body problem with equal masses shown in Fig. 1 , the determinant varies monotonically as m goes from m = 1 to m ≈ 0. As it was expected, the determinant goes to ±∞ as the mass parameter m tends to zero, which can be explained thinking in the 5-body problem as a singular perturbation of the 1 + 4-body problem. In any case, the numerical continuation from m = 1 to m ≈ 0 is guaranteed in all other cases. We do not present the determinant function obtained for those cases. Another interesting evolution is that, starting at K 2 , the square pyramidal central configuration of the 5-body problem with equal masses, and ending at the spatial central configuration 5) of the 1 + 4-body problem. Thus, if we start with a unit mass at one of the vertices of the base of K 4 , say m 4 = 1 and m i = m for i = 4, using the notation of Fig. 1 , a sequence of snapshots as the parameter m decreases it is shown from the top left hand side to the bottom right hand side in Fig. 3 . The origin of coordinates is taken at the position of m 4 = 1; the base triangle shown in the graphic representation lies on the x-y plane, in such a way that q 5 − q 4 lies on the x-axis and q 3 − q 4 lies in the first quadrant of the x-y plane. With respect to the chosen coordinate frame, the mass m 2 at the base of the pyramid goes down, while the reference triangle becomes isosceles. Then m 1 and m 2 tend to align along a line perpendicular to the reference triangle.
Remarks

1)
We have checked by using a different system of polynomial equations for the spatial central configurations of the 5-body problem with equal masses and a different method of resolution (the resultant method) the four central configurations found by Kotsireas and Lazard. We improve the way of computing such central configurations, and we have verified that these four spatial central configurations K i , for i = 1, . . . , 4, are the unique symmetric spatial central configurations of that problem.
2) We were not able to compute analytically m * due to the complexity of the resultants involved. Appendix A1. The resultant method. Let the roots of the polynomial P (x) with leading coefficient one be denoted by a i , i = 1, 2, . . . , n and those of the polynomial Q(x) with leading coefficient one be denoted by b j , j = 1, 2, . . . , m. The resultant of P and Q, Res[P, Q] is the expression formed by the product of all the differences a i − b j , i = 1, 2, . . . , n, j = 1, 2, . . . , m. In order to see how to compute Res[P, Q], see for instance [Lang, 1993] and [16] .
The main property of the resultant is that if P and Q have a common solution, then necessarily Res[P, Q] = 0. For multivariate polynomials, say for instance, P (X, Y, Z) and Q(X, Y, Z) they can be considered as polynomials in X with polynomial coefficients in (Y, Z), then the resultant with respect to X, Res 
